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We estimate the cosmological abundance of a modulus ﬁeld that has dilatonic couplings to gauge ﬁelds,
paying particular attention to thermal corrections on the modulus potential. We ﬁnd that a certain
amount of the modulus coherent oscillations is necessarily induced by a linear thermal effect. We argue
that such an estimate provides the smallest possible modulus abundance for a given thermal history of
the Universe. As an example we apply our results to a saxion, a bosonic supersymmetric partner of an
axion, and derive a tight bound on the reheating temperature. We emphasize that the problem cannot
be avoided by ﬁne-tuning the initial deviation of the modulus ﬁeld, since the minimal amount of the
modulus is induced by the dynamics of the scalar potential.
© 2008 Elsevier B.V. All rights reserved.1. Introduction
Many scalar ﬁelds are expected to be present in Nature, and
some of them may play important roles in cosmology. In su-
pergravity and string theories, there are modulus ﬁelds, some
of which remain light and acquire masses from supersymmetry
(SUSY) breaking and non-perturbative effects. They have interac-
tions with the Standard Model (SM) particles typically suppressed
by a high energy scale such as the grand uniﬁcation theory (GUT)
scale or the Planck scale, and it is known that those modulus
ﬁelds induce a notorious cosmological moduli problem [1]. Re-
cently the problem turned out to be much more acute than pre-
viously thought, since the modulus decay generically produces too
many gravitinos which will signiﬁcantly affect the standard cos-
mology [2,3].
After reheating of the inﬂation, the universe will be ﬁlled with
a hot thermal plasma of the SM particles. If the modulus ﬁeld cou-
ples to the SM particles (or any particles in thermal plasma), the
potential gets generically modiﬁed, which may affect the cosmo-
logical evolution of the modulus ﬁeld. In fact, it was pointed out in
Refs. [4–6] that the modulus potential can be signiﬁcantly modiﬁed
especially if the modulus possesses a dilatonic coupling, which in-
duces a correction that is linear in the modulus ﬁeld. In particular,
such a thermal effect may destabilize the modulus after inﬂation,
setting a tight bound on the highest temperature of the universe
[6].
In this Letter we rigorously estimate the modulus abundance
when such a linear thermal correction is present, and ﬁnd that the
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Although it was known to some people that the linear thermal
correction induces a certain amount of the modulus [5], it has
not been studied how serious the resultant cosmological moduli
problem would be. Since such an estimate provides an absolute
minimum of the modulus abundance for a given thermal history of
the Universe, our discussion is conservative and generic. In partic-
ular, one cannot avoid the problem by tuning the initial deviation
of the modulus ﬁeld (e.g. based on an anthropic argument). As
an example we will apply our result to the saxion [7], a bosonic
supersymmetric partner of an axion [9], and derive a tight up-
per bound on the reheating temperature. For the Peccei–Quinn
(PQ) scale fa = O(1016) GeV and the saxion mass ms = O(10) eV,
we will see that the reheating temperature should be lower than
103 GeV, which is in conﬂict with the thermal leptogenesis sce-
nario [8].
2. Thermal effects on the modulus potential and minimum
modulus abundance
As pointed out in Refs. [4–6], a modulus potential receives cor-
rections from thermal effects. The free energy of the SUSY SU(Nc)
QCD with N f ﬂavors in the fundamental representation, assum-
ing that the temperature is high enough to thermalize all these
species, reads
F(T , φ) = −π
2T 4
24
[
a − bgs(φ)2 + O
(
gs(φ)
3)], (1)
where a = 2NcN f + N2c − 1 and b = (3/8π2)(N2c − 1)(Nc + 3N f ),
and gs denotes the QCD gauge coupling constant, which is in
general depends on the modulus ﬁeld value (φ). This yields ﬁnite-
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focus on the following linear term,
VT (φ) = −κ T
4
MP
φ, (2)
where the coeﬃcient κ depends on the model. Since the modulus
potential is time-dependent, some amount of the modulus con-
densate will be necessarily produced, which is the main concern
of this Letter. Possible effects of the thermal mass term will be
discussed later.
As a toy model, we consider a modulus ﬁeld whose potential is
given by1
V (φ) = 1
2
m2φ2 − κ T
4
MP
φ. (3)
In the absence of the temperature-dependent linear term, one can
tune the initial position of the modulus ﬁeld as φ ∼ 0 to suppress
the modulus abundance, possibly based on anthropic arguments.
However, the linear term shifts the position of the potential min-
imum in a time-dependent way, and this dynamically induces a
coherent motion of the modulus ﬁeld. The typical amplitude of the
motion induced by this effect is of the order δφ ∼ κT 4/(m2MP ),
and hence the minimum modulus abundance is estimated as
ρφ
s
∼
⎧⎪⎨
⎪⎩
45κ2
4π2g∗
T 5os
m2M2P
for Tos < TR,
45κ2
4π2g∗
T 5R
m2M2P
for Tos > TR,
(4)
where Tos is the temperature at which the modulus begins to os-
cillate, and TR is the reheating temperature after inﬂation. This can
be evaluated as
ρφ
s
∼
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1.4× 106 GeVκ2( g∗228.75 )−9/4( mφ100 GeV )1/2
for Tos < TR,
8.4× 10−4 GeVκ2( g∗228.75 )−1( mφ100 GeV )−2( TR109 GeV )5
for Tos > TR.
(5)
Here we have assumed that the temperature of the dilute plasma
before the reheating completes is given by T 4 ∼ T 2RHMP , where H
is the Hubble parameter [11]. Note that in order for the above anal-
ysis to be valid, δφ must be much smaller than κ−1MP , and this
sets an upper bound on the temperature as T < Tc ∼ (mMP /κ)1/2.
For κ  1, the critical temperature Tc is always higher than Tos,
and so, the above estimate on the modulus abundance is valid. It
is model-dependent what the dynamics of the modulus would be
at an temperature above Tc . For instance, the modulus potential
may be destabilized and the modulus ﬁeld may start rolling to-
ward inﬁnity [6]. Since our concern here is the modulus dynamics
at a temperature below Tos, the minimal modulus abundance (5)
is a conservative one. We have numerically checked that Eq. (4)
provides the minimum modulus abundance, which cannot be re-
duced further by tuning the initial value of the modulus ﬁeld.2 As
we will see, even this minimum abundance causes a cosmological
disaster in general.
3. Examples
We have seen that there exists a strict “minimum” abundance
of moduli, dynamically induced by the thermal effects. In order to
1 Although there may be a Hubble mass term ∼ c2H2(φ − φ0)2 with some arbi-
trary value of φ0, inclusion of this term does not modify the following argument
unless the coeﬃcient c is much larger than one [10].
2 If we allow ourselves to choose an arbitrary initial velocity φ˙ as well, the mod-
ulus abundance can be signiﬁcantly reduced. However, the φ˙ is normally dependent
on the potential and the initial position, and therefore the modulus dynamics would
not allow us to do so. We thank K. Hamaguchi for useful comments on this issue.Fig. 1. The minimum saxion abundances for mσ = 10 eV, 1 MeV, and 100 GeV as
a function of the reheating temperature. Here we take κ = 0.1, corresponding to
fa ∼ 5× 1017 GeV.
see that such an effect makes cosmological moduli problems worse
than previously thought, let us consider the SUSY axion model [7].
We denote an axion supermultiplet by A and the PQ scale by fa .
Here we assume fa  1016 GeV, motivated by string axion models
[12]. The interaction of the axion multiplet A to the SU(3)C gluon
gauge multiplet is given by
L =
∫
d2θ
A
32π2 fa
W αWα + h.c. (6)
The imaginary lowest component of A is the axion a which is to
solve the strong CP problem, whereas the real component is the
saxion σ
A ≡ σ + ia√
2
. (7)
Let us consider the thermal effects on the saxion potential. The
QCD gauge coupling constant gs in Eq. (1) depends on σ as
1
gs(σ )2
= 1
gs(0)2
+ σ
8π2 fa
. (8)
Thus this leads to the ﬁnite-temperature effective potential of the
form (2) for the saxion. Note that the second term must be re-
garded as a small correction in order for the analysis to be valid.
Substituting Nc = 3 and N f = 6 in the SUSY SM, κ in Eq. (2) is
given by3
κ = 21
64π2
g4s
(
MP
fa
)
∼ 0.02
(
MP
fa
)
. (9)
Generally, the saxion has a mass of order of the gravitino and it
is known that the coherent oscillations of the saxion cause cos-
mological problems for a wide range of the saxion mass [13–15].
Actually there exists a minimum abundance of the saxion induced
by thermal effect given by Eq. (4), and even such a minimum
abundance of the saxion has signiﬁcant impacts on cosmology.
In Fig. 1 we show the minimum saxion abundance for mσ =
10 eV, 1 MeV, 100 GeV as a function of the reheating tempera-
ture TR. For mσ = 10 eV, the constraint on the saxion abundance
comes from the requirement that the saxion must not exceed the
dark matter abundance, which restricts the saxion abundance as
ρσ /s  4 × 10−10 GeV. This translates into the bound on the re-
heating temperature, TR  103 GeV. Thus thermal leptogenesis sce-
nario [8] is incompatible with the cosmological saxion problem for
the ultra-light gravitino m3/2 ∼ 10 eV. For the intermediate mass
3 The value of κ is of order unity for fa  1016 GeV, and so, Tos can be compara-
ble to Tc if the reheating is completed before the commencement of the oscillations,
i.e., TR > Tc . On the other hand, we are more interested in a case of TR < Tos , where
Tos  Tc is satisﬁed and therefore our analysis is valid.
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big-bang nucleosynthesis (BBN) sets strong bounds on the saxion
abundance, and the reheating temperature cannot be as large as
TR ∼ 109 GeV. On the other hand, if the saxion mass is heavy
enough to decay before BBN, the constraint can be evaded. Thus
we conclude that the thermal leptogenesis scenario is excluded in
the SUSY axion model for fa  1016 GeV except for the heavy grav-
itino (saxion) case, as is realized in the anomaly-mediated SUSY
breaking models [16].4
On the other hand, if the PQ scale fa is in the ordinary axion
window 1010 GeV  fa  1012 GeV, and if the reheating temper-
ature is high enough so that the thermal leptogenesis works, the
saxion may be in thermal equilibrium. In this case the cosmolog-
ical saxion abundance will be in conﬂict with either BBN or dark
matter abundance except for mO(10) eV or mO(10) TeV.
4. Discussion and conclusions
We have discussed that thermal effects generically produce a
linear term in the modulus potential, which dynamically induces a
coherent motion of the modulus ﬁeld. This provides the smallest
possible modulus abundance among all the possible initial posi-
tions of the modulus ﬁeld. Thus the cosmological constraints given
in this Letter is conservative. The same analysis applies to any
moduli which have dilatonic coupling with gauge ﬁelds.
We comment on the effect of a thermal mass term such as
∼ λ(T 4/ f 2a )φ2, where λ  1 represents the one-loop factor as
well as the gauge couplings. We have neglected the term assum-
ing that the thermal mass is smaller than the Hubble parameter
and therefore it does not affect the modulus dynamics for large
fa( 1016 GeV). If the thermal mass term is effective, the modu-
lus may be settled at the potential minimum due to the thermal
mass.5 In this case, the modulus may adiabatically follow the tem-
poral minimum during the subsequent cosmological evolution and
the coherent oscillations of the modulus might not be induced as
noted in Ref. [10] in the context of a large Hubble mass term, al-
though thermal production of saxion as well as axino [21] may
occur at an non-negligible rate.
Finally we comment on possible ways to relax the cosmolog-
ical moduli problem. As already noted, if the moduli are heavy
enough, the minimum abundance provided by Eq. (4) signiﬁcantly
decreases and also they decay well before BBN. For example, in
the dynamical SUSY breaking models, the SUSY breaking ﬁeld has
mass of the order of the dynamical scale Λ, which is much larger
than the gravitino mass. Thus the upper bound on the reheating
temperature is not so stringent in such a case. Also if there were
additional entropy production processes in the early Universe [22,
23], the moduli can be suﬃciently diluted. However, one should
note that the pre-existing baryon asymmetry is also diluted and
only a few examples of baryogenesis mechanism are known to
work [24–26].
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